Unravellings

Thornton Greenland

22 June 2004

References ( This note relies heavily on [5] and [10]) /:

[1] G. Lindblad, Commun. Math. Phys. 48, 119 (1976).

[2] N. Gisin and I. C. Percival, J. Phys. A 25, 5677 (1992).

[3] H. J. Carmichael, An Open Systems Approach to Quantum Optics (Springer, Berlin,

1993).

[4] J. Dalibard, Y. Castin, and K. Mglmer, Phys. Rev. Lett. 68, 580 (1992).

[5] K. Mglmer, Y. Castin, and J. Dalibard, J. Opt Soc. Am. B 10, 524 (1992).

[6] C. W. Gardiner, A. S. Parkins, and P. Zoller, Phys. Rev. A 46, 4363 (1992).

[7] L. Diési, Phys. Lett. A 114, 451 (1986).

[8] T. Steimle, G. Alber, and I. C. Percival, J. Phys. A 28, 1.491 (1995).

[9] R. Schack, T. A. Brun, and I. C. Percival, J. Phys. A 28, 5401 (1995).

[10] 1. C. Percival, Quantum State Diffusion (Cambridge University Press, Cambridge
1998)

1 The Master Equation

We have the Kraus representation theorem

ﬁafter Z pbefore ( 1 )
with o
> EJE (2)
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which guarentees that p.ge, satisfies the requirements of a density operator if pyefore does.
Now let us suppose that ppefore = p(t) the density matrix at time ¢ and that pager =
p(t + dt) the density matrix at time ¢ 4+ dt. Equations 1 and 2 tell us how p(t 4 dt) and
p(t) must be related, though we don’t know what the Ey operators are. However, if we
assume that p(t) satisfies a first order differential equation', then one Kraus operator is
1+ O(dt), and all the others are O(v/dt). Let us therefore write, with H and K both
Hermitian A ) .
EAU =1+ (A—iH + K)dt (3)
Ek:\/%[/j j=1--

! This is, in essence, the Markov approximation, which says that the environment retains no memory
which can return to haunt the system later.




and use equation 2, dropping terms higher than first order in dt, to get
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where H is the system Hamiltonian. The ﬁj are called Lindblad operators, after G
Lindblad, who proved equation 4 from the axioms of dynamical groups. The Lindblad
operators represnt the interaction of the system with the environment. Equation 4 is

called the master equation.

2 Unravelling the master equation

We could write equation 4 as
d N N A A
S o gyt N
o h=—i[Hat, p— pHlg] + Z (L;pL}) (5)
where we use the effective, non-Hermitian Hamiltonian

N N 1 LA
He = H — ZL}Lj (6)
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and the expression [ﬁeg, p— pH | 1s the generalization of the commutator.
Now, there are several suggestive points to make:

1. If the last term in equation 5 — the ‘sandwitch term’ — is ignored, then p could be
derived from a Schrodinger equation

d .
o |¥) = Hen|V) (7)

2. However, equation 7 does not preserve the normalization of |U) ((¥|¥) shrinks).
Since the master equation preserves normalization, we see that the last term is
important for normalization and must be included.

3. If we persist in trying to find a wavefunction to represent the master equation, then
equation 3 suggests that in a time interval dt the contribution to this wavefunction
from the sandwitch term scales as v/dt !

4. Many stochastic processes are characterized by a v/t time development, and, fur-
thermore, the coupling between the system and environment, which started all this
in the first place is supposed to be stochastic.

Thus, we may speculate that an ensemble of stochastic wavefunctions will be needed to
represent the master equation’s density operator so that we have

PA:ZSnNI)nn(\I’l (8)

where s,, is the weight of the the wavefunction |¥),, in the ensemble, and the subscript n
labels the member of the ensemble. In the next section I discuss how to construct suitable
stochastic wavefunctions; first, an interlude on why we might want to.
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2.1 A practical example

Much of the course so far has concentrated on ‘small’ systems with ‘simple’ time develop-
ments. However, consider the problem of modelling the laser control of chemical reactions.
Laser isotope separation of 23°U falls into this catagory and provides a useful illustration.
One scheme requires the use of pulsed lasers to ionize 2*U through a ladder of of three
excited states. The object is to choose laser pulse shapes etc to optimize this excitation.
Thus, the time development of the system, contained in H , is important. However, the
environmental influences which come from laser noise, collisions with other atoms etc
must also be included. These are, of course, modelled by Lindblad operators.

An N level system has N2 —1 independent real components for its density matrix, but
2N — 1 independent real components for its wavefunction. Thus, if only three levels were
involved, then the density operator would require 8 real function of time; a wavefunction
would require 5. This difference is not very significant. However, the 2*U nucleus has
a spin of 7/2, and the 3 levels each have an angular momentum ~ 6. Thus, the ‘3’
level system actually involves ~ 312 quantum states. Now the density matrix needs the
solution of 97343 coupled differential equations, whereas the wavefunction requires only
623. The difference now is clearly significant a significance which is exaggerated when we
remember that the difficulty of solving a set of N differential equations scales roughly as
N3. Thus, in this case it is ~ 3.8 x 10° more difficult to solve for the density operator than
to solve for a wavefunction. Crudely, we could perform the average implicit in equation
8 with ~ 4 million realizations, or equation 4 once with the same resources. Although
this is an overestimate — it takes no account of symmetries and selection rules, which
can reduce the number of couled equations which need to be solved — it suggests that
for large systems many (stochatic) Schrodinger equations can be solved for the price of
one master equation.

2.2 Quantum fundamentals

There is a viewpoint which claims that the wavefunction is more ‘fundamental’ than the
density operator, and that equation 4 is a calculational device to simplify the instruction
‘calculate the wavefunction for the whole system-environment; evaluate the expectation
value of your observable with this wavefunction as a function of all the parameters needed
to specify the wavefunction and finally average over the unobserved parameters’. Another
viewpoint claims that the density operator is fundamental; equation 4 is the ultimate truth
— we arrived at it by considering wavefunctions, and, under certain circumstances can still
use wavefunctions to calculate p, but generally we can’t. Quantum unravellings provide a
third alternative. They enable us to calculate a ‘wavefunction’ for the system only, though
with the disadvantage that this wavefunction is a stochastic variable. Equation 8 shows
that the density operator is a mixture of such wavefunctions. It is therefore tempting to
regard the stochastic wavefunction as providing a description of the evolution of a single
quantum state, the stochastic process being provided by the environment (which includes
the process of observation). Percival and his co-workers particularly stress this viewpoint;
the problem now is to relate the stochastic process to fundamental physics. The problem,
as we shall see, is that there is considerable freedom in choosing the unravellings, and this
makes it difficult to make fundamental statements about them.



3 Unravellings

I shall discuss two techniques for unravelling the wavefunction and make some comments
on them. The first has been extensivly described by Mglmer; the second is Percival’s
quantum state diffusion. We always assume that equation 4 is known, so that we know
all the ﬁj Lindblad operators. The stochastic wavefunction must remain normalized, and
when used in equation 8 must give p, the solution of the master equation 4.

3.1 The Monte Carlo wavefunction

This unravelling has been widely used in quantum optics. The prescription, which mirrors
the physical process of e g decay, is

1. Construct the non-Hermitian Hamiltonian
Fra =0~ LS LI )
J
and use this to propagate the wavefunction for time dt, to get |U!(¢ + dt)) where
U (t + dt)) = (1 — iHex ) W (1) (10)

Because Heg is not Hermitian |W(t 4+ dt)) is not normalized. In fact, we have

(Ul(t +dt)|[ W (t+dt)) =1 —dp (11)

with
dp =3 dp; (12)

and
dp; = dt(U(t)| L} L;|¥(1)) (> 0) (13)

The value of dt must be chosen so that dp < 1

2. We now introduce the stochastic development. Choose a random number €, between
0 and 1 and compare with dp

3. If dp < € (as it usually is) then no jump occurs and we simply normalize the

wavefunction, so that
| WLt + dt))

W (t + dt) = (14)
(1—dp)
but
4. If (unusually) dp > € a ‘quantum jump’ occurs and we take, with probability
II; = dp;/dp
L;|W(t
U (t+ dt)) = 1 ¥() (15)

\/dp;/dt



We have to show that this is equivalent to the master equation. At time t+ dt the density
operator is

p(t + dt) = (Wt + db)) (Wt + dt)[)

where the overbar represents the average over all the probabilistic evolutions of the wave-
function |W¥(¢)) from ¢ to ¢t + dt and the average (---) is the average over all stochastic
realizations of |U(¢)) at time ¢. Considering the probabilistic evolution described above
first, we have

(U (¢ + dt)) (Ut + dt)| L;|w(t)) (W(t)|L]

U(t+dt))(U(t+dt)| = (1—-d +> dp; 16
I o R T > iyt apyjar
Now we use equations 9 and 10 in equation 16 to get
(Ut + d0) (U (t + dt)] = |V (£)(W(t)| — idt[H, |0 (£)) (W (t)]]
—dt/2 5 (LIL; W () (U (t)] + W))W (1)|(L;L]) (17)
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Now doing the (- --) average over |¥(t)) in equation 17 we reproduce equation 4.

In summary, an average over the stochastic wavefunctions generated by the Monte
Carlo procedure described above is indistinguishible from the solution of the master equa-
tion.

3.2 Physical interpretation in the case of decay

Let us now consider a 2-level system which starts in the state

[W(0)) = aol0) + Go|1) = [ %g ]

Let us take

ﬁ:wo/Q{l—Uz}:lg 30]
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which corresponds to spontaneous decay. Notice

m:v/m—az}:[g 3]

is the projector onto the ground state. Now it is easy to solve for |¥!)

1 _ Qo
) = [ B xp(—cudt) exp(—dt/2) ] )
whence we see that the probability of making a jump is just

dp = 7|Bo|*dt (19)
)



If a jump is made, the normalized wavefunctuion is

| () ump = [0) = l (1) ]

that is, in time dt the system has decayed with probability ydtx (probability of being in
the excited state). Something more interesting happens if no jump occurs in time dt. We
calculate |¥(dt)) by normalizing |U!(dt)), and this gives us (to first order in dt)

| Bo|* ~dt| a2 aq (1 4+ 246
“I[(dt»nojump = (1 + 20> ’O> =+ 60 <1 — 20> ‘1) — [ ﬁs ((1 - ’Ydiaopg

(20)
Thus, in this form of unravelling, if no jump occurs, the wavefunction rotates; the proba-
bility of being in the ground state increases while the excited state probability falls. We
can actually solve for a finite period of length ¢ without jumps, to get

9(0) = a0l + 501 = | 57 | @)

with
%)

! VIaol? + |60 exp(—1)
B(t) = Bo exp(—1t/2)
V0aol? + 16o[2 exp(—t)
We may interpret this as the change in wavefunction which results from our knowledge

of the circumstance that it has gone for a time ¢ without decay. The longer ¢, the more
likely the wavefunction is in its ground state. More examples can be found in [5].

3.3 The state diffusion wavefunction

Unravellings are not unique. Percival [10] writes his quantum state diffusion equation as
the Ito stochastic differential equation ((L)y = (¥|L]1)))

@) = =it fe)de+ S ((Eoks - 3E0Ls = SEDulLe) o)
+> (ij - <ij>w> |P)dg; (22)

where the d¢; are independent complex differential Gaussian random variables satisfying
the conditions
Md¢; = Md&;d§; =0, MdE;dE; = 6;;dt (23)

where M denotes the ensemble mean. This equation is also equivalent to the master
equation, as can be seen by writing

[t +dt)) = [¢(t)) + |dy)

using equation 22 for |dy) and evaluating the ensemble mean. This form of unravelling
is particularly interesting if L correspnds to an observable, (and is therefore Hermitian),
so that 22 can be simplified to

d) = —iB)dt — L EA[0)dr + Lafv)ie (24)
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Figure 1: The value of (o,) for 10 trajectories as a function of time (arbitrary units).
Three trajectories (dotted) converge to -1, seven (solid) to +1. All start in the state

V3/2[ 1) +i/2] 1)

with )

La =L —=(L)y
This implies that any fluctuation which takes |¢)) towards an eigenstate of L reduces [A/A,
so the wavefunction has smaller fluctuations. Eventually, |¢)) will become stuck in one of

the eigenstates of L and La will vanish. Subsequent time development is then due to H
alone. This provides a model for quantum observation.

4 Summary

I have described two types of unravelling of the master equation into stochastic wavefunc-
tions. Each provides insights into the way in which the environment may influence the
wavefunction. Unfortunately, unravellings are not unique, and information contained in
the unravellings is lost when the mean is taken to get the density operator. We therefore
have to be careful about what we put into the unravellings, if we want to interpret them.
They may be most useful for solving large problems, but not much work seems to have
been done on this.



